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Implicit derivatives in systems of equations

Implicit differentiation in systems of equations with one indepen-
dent variable

Just as a surface can be defined implicitly by a single equation, a curve in space can be defined implicitly
by a system of two equations:

F(z,y,2) =0
G(z,y,2) =0

For example, the system may implicitly define y = f(z) and z = g(x), meaning that both depend on
a single independent variable. In this case, we say that the system defines two of the three variables as
functions of the remaining one.
Requirements for applying implicit differentiation

In order to differentiate y and z with respect to x, the following conditions must be met:
1. Solution verification: The point of interest (zo, yo, 20) must satisfy both equations, that is:

F(z0,90,20) =0 and  G(zo,y0,20) =0
2. Differentiability of F' and G: Both functions must be differentiable in a neighborhood of the point,
with continuous partial derivatives.

3. Non-vanishing Jacobian with respect to y and z: The determinant

L AFG)
J‘ama“

F, F.
G, G.

£0

dy

must be nonzero so that the system has a unique solution for 72 and dz

dx

Derivation of the derivative formulas

We start from the implicit equations:

F(z,y,2) =0, G(z,y,2)=0
Differentiating both equations:

By the definition of the derivative and the chain rule, differentiating with respect to z yields:

OF oF dy OF dz

d

Note that here x is the independent variable, so dx/dx = 1, and we directly obtain:

d dz
Fo(w,y.2) + Fy(a,y,2) 57 + Falw,y,2) 7 =0

Similarly, for the second equation G(z,y, z) = 0, applying the chain rule yields:
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d dz
Ga(x,y,2) + Gy(2,y, 2) ﬁ +Ga(w,y,2) = =0

Thus, we obtain the following system of equations:

Fy +Fy§z+Fzg;:O
G, +Gydz+szm=

We isolate the unknowns:

Gy dx +GZ d:v = 7Gm

And write the system in matrix form:

{F A | F, dz——Fx

Solution via Cramer’s Rule

This linear system in the unknowns Zg and d—fc is solved using determinants:
_Elt Fz Fl/ _Fw
—= = and —=-_—"F——"+
dx J da J

It can also be written more compactly as a ratio of mixed partial derivatives:

dy  O(F,G)/0(x,z2) and dz _ O(F,G)/0(y,x)

de —  9(F,G)/d(y, z) dr —  9(F,G)/0(y,z)

Example
Consider the system of equations

zy+2=2

r—y+22=0
which defines y and z implicitly as functions of z (i.e., y = y(z) and z = z(z)). To apply implicit differenti-
ation, we define:

F(z,y,z)=xy+2—-2=0 Gr,y,2) =z —y+22=0
Step 1: Compute partial derivatives For F(x,y, 2):
Fw:yv Fy:ma Fz:1
For G(xz,y, 2):
G.=1, Gy,=-1, G,=2z

Step 2: Differentiate implicitly and write the system Using the chain rule:

dy dz d dz
d d d d

G, + G, y+G —Z—o — 1——y+2 ¥ _y
dz dz dx

Rewriting:

{xd§+dz=—y
dm+2zd;:_1
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Step 3: Matrix form of the system We can write the system as:

(6 &) (#)--(c)
(5 ) ()= ()

Step 4: Solve the system using Cramer’s Rule The determinant of the system (Jacobian) is:

which becomes:

x 1
J = . 22’ =2xz+1
Then, applying Cramer’s rule:
dy
For —=:
or Ir
-y 1

dy |1 2z  (—y)(22) — (1)(=1) —2yz+1

dx J N 20z 41 2241
dz
For —:
or e

-y
d:_|-1 -1 _a(-)-(-p)-1) _ —o-y
dr J - 20z +1 C 2xz 41

Implicit Differentiation in Systems of Equations (2 Independent
Variables)

We consider the case in which two equations
F(z,y,u,v) =0 and G(z,y,u,v)=0
define implicitly two functions of two independent variables:

u=h(z,y) and v=m(z,vy)

Derivation of Partial Derivative Formulas

We start from the implicit equations:
F(z,y,u,v) =0 and G(z,y,u,v)=0

To obtain the partial derivatives of v and v with respect to x (keeping y constant), we proceed as
follows:

(1) Partial derivatives with respect to z:
We consider u = u(z,y) and v = v(z,y). Then, applying the chain rule to F(z,y,u,v) = 0 we get:

OF  OF du  OF dv _

d
—F(z,y,u(z,y),v(z,y)) = e + E + Do 0r

dx
Here, when differentiating with respect to x, the variable y is considered constant.
Similarly, differentiating G(z,y,u,v) = 0 with respect to z yields:

G  9G du_ 9G dv _

d
fG(x,y,u(x,y),v(x,y)) = % + aiu ox + 87 O -

dx
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We can express the resulting system as:

Fo(z,y,u,v) + Fy(z,y,u,v) % + Fy(z,y,u,v) % =0
Gy(z,y,u,v) + Gy(z,y,u,v) % + Gy(z,y,u,v) % =0
Rewriting to isolate the unknown derivatives:

Fu%+Fv%:_Fz
Gu3t+G, 3 =-G,

vV ox

This system can be written in matrix form as:

(& &) (B)--(c)

(2) Partial derivatives with respect to y:

Now we differentiate with respect to y (keeping = constant). Applying the chain rule to F'(z,y,u,v) = 0,
we obtain:

OF | OF u  OF
dy Ou dy Ov Oy

dC;F($7y,u(w7y)7v(x,y)) =

Similarly, for G we have:

=0

d 0G  0G Ou  0G Ov
@G(x,y,u(x,y),v(x,y)) = =

= 87/ + 8716 @ + (97 @ =0
Resulting System

Fy(l‘,?J,’U,, U) + Fu(.’E,y7’U,7’U) % + Fv(xayau,v) %Z =0
Gy(l‘,y,u,v) + GU(@"’%%U) % + Gq)(xvyauav) %Z =0
Rewriting:

F, %; +F, %; =-F,
G, 5t +G, 32 = -G,
Matrix form:

ou
& 5)FH--@)
G, G, 2 Gy
Solution using Cramer’s Rule:
Let
_|Fu Fy
7=la, a,
Then, applying Cramer’s Rule for the system with respect to z, we obtain:
- El,' F{‘ Fu, - El,‘
ou - *G.r G'z: v o Gu —Ug
or J or J
And for the system with respect to y:
-F, F, F, —F,
ou -Gy G| v G, —Gy
oy J oy J

In this way, we obtain the four partial derivatives describing how u and v vary with respect to x and

ox’ 0x’ 0Oy’ Oy
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Example

Consider the following system of equations:

G(z,y,u,v) = u?

F(z,y,u,v) =zu+yv—2=0
—v+zy=0

which defines u and v implicitly as functions of x and y, i.e., v = u(z,y) and v = v(z,y)

Step 1: Compute the Partial Derivatives of F' and G

For the function
F(z,y,u,v) =zu+yv—2

we compute:

For the function
G(xa:%uvv) = U’2 —v+zy

we compute:
Ge=y, Gy=2, Gy=2u, G,=-1

Step 2: Partial Derivatives with respect to =

Since u = u(z,y) and v = v(z,y), we apply the chain rule to each equation (keeping y constant).
For F(x,y,u,v) = 0:

F,+Fu,+F,v,=0 — u+t+zxu,+yv,=0
For G(z,y,u,v) =0:
Gy +Guuy +Gov, =0 = y+2uu,—v,=0

We write the system in matrix form:

& &0)-0)
() (7))

We define the Jacobian of the system (with respect to the dependent variables u and v):

that is:

J = 292 —yl‘ =z(—-1) —y(2u) = —z — 2uy
Applying Cramer’s rule:
For wu,:
_Fl F’U —u Y
ou ’Gr Gv -y 1’
or J -z —2uy

Computing the determinant:

Therefore,


https://cabraljuan.github.io

Juan Andrés Cabral

For v,:
F, -—-F, T —u
ov ‘Gu —Gy 2u —y
or J —x—2uy

Computing the determinant:
2

z(—y) — (—u)(2u) = —zy + 2u
Therefore,
—xy + 2u?

Vy =
—x —2uy

Step 3: Partial Derivatives with Respect to y

Now we differentiate with respect to y (keeping z constant).
For F(z,y,u,v) =0:

Fy+Fouy+F,v,=0 = v4+zuy,+yv,=0

For G(z,y,u,v) = 0:

Gy +Guuy+Govy=0 = z+2uuy—v,=0

The system in matrix form is the same:

Applying Cramer’s rule again:

For u,:
-F, I, -v Yy
ou |-Gy Gy |-z -1
oy J  —x—2uy
Determinant:
(—0)(=1) —y(—z) =v + =y
Therefore,
v+ zYy
Uy =
—r —2uy
For vy:
F, -Fy r —v
v |Gy —Gy 2u -z
Jy J  —x—2uy
Determinant:
z(—x) — (=v)(2u) = -2 + 2uv
Therefore,

—22 + 2uv

Vy =
v —r —2uy
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